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Abstract. Let F be a non-archimedean local field. We show that any representation of a
maximal compact subgroup of SLN (F)which is typical for an essentially tame supercuspidal
representation must be induced from a Bushnell–Kutzko maximal simple type. From this,
we explicitly count and describe the conjugacy classes of such typical representations, and
give an explicit description of an inertial Langlands correspondence for essentially tame
irreducible N -dimensional projective representations of the Weil group of F .
1. Introduction
Let G be a connected reductive group defined over a non-archimedean local field
F of residual characteristic p with ring of integers O, and let G = G(F). Given
a supercuspidal representation π of G, we say that a type for π is a pair (J, λ)
consisting of an irreducible representation λ of a compact open subgroup J of G
such that the only irreducible representations of G which contain λ upon restriction
to J are the twists of π by an unramified character of G.
In many cases, including those of G = GLN and G = SLN with which this
paper will be concerned, it is known that there exists a type for every supercuspidal
representation of G [2–4]; this construction of types is completely explicit, and
results in a unique conjugacy class of maximal simple types which are contained in
π . These maximal simple types are defined from strata (a very specific equivalence
class of such strata; see Sect. 3), which are essentially the data of a hereditary O-
order A in MatN (F) and an algebraic extension E/F of degree dividing N . The
order A has a lattice period eA, which coincides with the ramification degree of the
extension E/F . For a supercuspidal representation π of GLN (F) or SLN (F), we
denote by eπ the lattice period of the associated hereditary order.
In this paper, we complete the classification of types for a large class of super-
cuspidal representations of SLN (F)—those which are essentially tame, which is to
say those supercuspidal representations π for which eπ is coprime to p. We show
that the only types for such a representation are the maximal simple types, together
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with those types obtained from simple representation theoretic renormalizations of
maximal simple types.
Theorem. Let π be an essentially tame supercuspidal representation of SLN (F).
Then the number of SLN (F)-conjugacy classes of types (K , τ ) for π with K ⊂
SLN (F) a maximal compact subgroup is precisely eπ , and any two such types
for π are conjugate by an element of GLN (F). Each of these types is of the form
τ = IndKJ μ for (J, μ) a maximal simple type contained in π .
This extends the previous result of Paskunas [11] (which is due to Henniart
for N = 2 [6]) that any supercuspidal representation π of GLN (F) contains a
unique conjugacy class of types defined on maximal compact subgroups, as well
as subsuming a previous result of the author for N = 2 and F of odd residual
characteristic [9]. We note that while it is expected that the result is true without
the assumption that π is essentially tame, there are some serious arithmetic diffi-
culties which arise if one drops this assumption (namely, for non-essentially tame
supercuspidals it is possible for a maximal simple type to intertwine with its twist
by some character of large level; our method of proof seems to be poorly suited to
dealing with this problem).
We also give an application of this result, which explicitly describes an inertial
form of the local Langlands correspondence for essentially tame projective Galois
representations. Let IF ⊂ WF denote the inertia and Weil group of some separable
algebraic closure F¯/F .
Theorem. There exists a canonical surjective, finite-to-one map iner from the set
of SLN (F)-conjugacy classes of types (K , τ ) for essentially tame supercuspidal
representations of SLN (F) with K ⊂ SLN (F) maximal compact, and the set of
equivalence classes of N-dimensional projective representations of IF of F which
extend to an irreducible, essentially tame projective representation of WF ..
Given an essentially tame irreducible projective representation ϕ : WF →
PGLN (C), let  be the L-packet of supercuspidal representations of SLN (F)
associated to ϕ, and let π ∈ . Then the fibre of iner above ϕ|IF is of cardinality
eπ · ||.
2. Notation
Let F be a non-archimedean local field with ring of integers O = OF , maximal
ideal p = pE and residue field k = kE of cardinality qF and characteristic p. We
write G for the group GLN (F) and set G¯ = SLN (F). Given H ⊂ G a closed
subgroup, we let H¯ = H ∩ G¯.
All conjugacies taking place in the paper will be for the left action; for x ∈
H ⊂ G and g ∈ G, we write gx = gxg−1, and given a representation σ of H , we
let gσ be the representation of g H which acts as gσ(gx) = σ(x).
All representations under consideration will be defined over the complex num-
bers. For a group H , we denote by Rep(H) the category of smooth representations
of H , and by Irr(H) the set of isomorphism classes of irreducible objects in Rep(H).
Any representations we consider will be assumed to be smooth.
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We denote by X(F) the group of complex characters χ : F× → C×, and also
fix notation for two subgroups. We write Xnr(F) for the subgroup of characters χ
which are unramified, i.e. for which χ |O× is trivial, and XN (F) for the subgroup
of characters χ for which χ N is unramified.
Given subgroups J, J ′ of G and irreducible representations λ, λ′ of J and J ′,
respectively, we denote the intertwining of (J, λ) and (J ′, λ′) by IG(λ, λ′) = {g ∈
G | HomJ∩g J ′(λ, gλ′) = 0}.
3. The Bushnell–Kutzko theory
We begin by recalling the necessary background on the theory of types, which will
underlie all of the work in this paper. We make no attempt to be comprehensive;
the reader should consult [2–4] for a complete account.
3.1. Strata
Let V be an N -dimensional F-vector space, and let A = EndF (V ). Then A× =
AutF (V )  G. We also fix, once and for all, a level 1 additive character ψ of F ,
i.e. a character trivial on p but not on O.
A hereditary O-order in A is an O-order A such that every left A-lattice is
A-projective. Given such an order A, let P = PA denote its Jacobson radical; thus
P is a two-sided invertible fractional ideal of A, and there exists a unique integer
eA = eA/OF called the lattice period of A such that 
A = PeA .
To a hereditary order A, we associate a number of subgroups. Firstly, let
KA = {x ∈ G |xA = A}, which we call the normalizer of A. This is an open,
compact-modulo-centre subgroup of G which contains as its unique maximal com-
pact subgroup the group UA := A×. This group UA admits a filtration by compact
open subgroups, given by U kA = 1+Pk , for k ≥ 1. Each U kA is normalized by KA.
Via A, we may put a valuation on A by setting vA(x) = max{n ∈ Z | x ∈ Pn},
where we take vA(0) = ∞.
A stratum in A is a quadruple [A, n, r, β] consisting of a hereditary O-order A,
integers n > r ≥ 0, and β ∈ A an element such that vA(β) ≥ −n. Such a stratum
defines a character ψβ of Ur+1A /U
n+1
A by ψβ(x) = ψ ◦ tr(β(x − 1)). We say that
two strata [A, n, r, β] and [A, n′, r, β ′] are equivalent if the cosets β + P−rA and
β ′ + P−rA are equal.
We will be specifically interested in certain classes of strata. Say that a stratum
[A, n, r, β] is pure if E := F[β] is a field, E× ⊂ KA and n = −vA(β). We say that
a pure stratum is simple if it satisfies a further technical condition r < −k0(β,A);
see [2, (1.4.5)].
Given a simple stratum [A, n, r, β], we may consider V as an E-vector space.
This leads to an E-algebra Bβ = EndE (V ) and a hereditary OE -order Bβ = A∩Bβ
in Bβ with Jacobson radical Qβ = P∩ Bβ . As before, we may consider KBβ ,UBβ
and U kBβ . One then has UBβ = UA∩ Bβ , U kBβ = U kA∩ Bβ and eBβ/OE e(E/F) =
eA/OF .
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3.2. Tame corestriction
Let E/F be a field extension contained in A, with B = EndE (V ). A tame corestric-
tion on A relative to E/F is a (B, B)-bimodule homomorphism s : A → B such
that s(A) = A∩B for every hereditary O-order A in A such that E× ⊂ KA. If ψE
is an additive character of E of level 1, then there exists a unique tame corestriction
s : A → B relative to E/F satisfying ψ ◦ trA/F (ab) = ψE ◦ trB/E (s(a)b) for all
a ∈ A and all b ∈ B [2, (1.3.4)].
This allows one to approximate strata over a series of various extensions E =
F[β]. We use the following results, which are the content of [2, (2.4.1)].
Firstly, if [A, n, r, β] is a pure stratum in A then there exists a simple stratum
[A, n, r, γ ] in A equivalent to [A, n, r, β]. Then if [A, n, r, β] is pure with r =
−k0(β,A), then choosing an equivalent simple stratum [A, n, r, γ ] and a tame
corestriction sγ on A relative to F[γ ]/F , the pure stratum [Bγ , r, r −1, sγ (β−γ )]
is equivalent to some simple stratum in Bγ .
3.3. Simple characters
Given a simple stratum [A, n, r, β], we may define subrings H(β,A) and J(β,A)
of A; the unit groups H(β,A) = H(β,A)× and J (β,A) = J(β,A)× of these rings
are compact open subgroups of UA. The definitions are rather complicated; see [2,
(3.1.14)]. Moreover, H(β,A) is a compact open normal subgroup of J (β,A), and
if we write for each m ≥ 1 Hm(β,A) = H(β,A)∩U mA and J m(β,A) = J (β,A)∩
U mA , then we have a chain of inclusions of normal, compact open subgroups
Hm(β,A) ⊂ J m(β,A) ⊂ J m−1(β,A).
These groups Hm(β,A) admit a rather special class of characters known as simple
characters. Again, the definitions are technical; see [2, (3.2)]. We simple note that,
for each simple stratum [A, n, r, β] and each integer m ≥ 0, one obtains a set
C(A, m, β) of simple characters of Hm+1(β,A), satisfying a number of desirable
properties. Key among these is the “intertwining implies conjugacy” property: if
θ ∈ C(A, m, β) and θ ′ ∈ C(A, m′, β ′) are such that IG(θ, θ ′) = ∅, then m = m′
and there exists a g ∈ G such that C(A′, m, β ′) = C(gA, m, gβ) and θ ′ = gθ [2,
(3.5.11)].
Of particular interest to us is the case that m = 0. Here, we have the following:
Theorem 3.1. [1] Let π be a supercuspidal representation of G. Then there exists
a simple stratum [A, n, 0, β] and a simple character θ ∈ C(A, 0, β) such that π
contains θ . The simple character θ is uniquely determined up to G-conjugacy.
3.4. Simple types in G
We now consider those representations of J (β,A) which contain θ ∈ C(A, 0, β).
We approach this problem in several stages. Fix a simple stratum [A, n, 0, β] and
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a simple character θ ∈ C(A, 0, β). There exists a Heisenberg extension η of θ :
this is the unique irreducible representation η of J 1(β,A) which contains θ upon
restriction to H1(β,A); in fact, η restricts to H1(β,A) as a sum of copies of θ [2,
(5.1.1)].
Next, we say that a β-extension of η is an extension of η to J 1(β,A) which is
intertwined by B×β . By [2, (5.2.2)], there always exists a β-extension of η.
Every irreducible representation of J (β,A) containing θ is then of the
form κ ⊗ σ for some irreducible representation σ of J (β,A)/J 1(β,A) 
∏eBβ /OE
i=1 GLN/[E :F](kE ). This brings us to the main definition:
Definition 3.2. A simple type in G is a pair (J, λ) consisting of a compact open
subgroup J of G and an irreducible representation λ of J , of one of the following
two forms:
(i) J = J (β,A) for some simple stratum [A, n, 0, β] and λ = κ ⊗ σ , where κ is
a β-extension of some simple character θ ∈ C(A, 0, β) and σ is the inflation
to J (β,A) of σ
eBβ/OE
0 , where σ0 is an irreducible cuspidal representation of
GLN/[E :F](kE ); or
(ii) J = UA for a principal O-order in A and σ is the inflation of an irreducible
cuspidal representation of UA/U 1A 
∏eA
i=1 GL f (kF ) of the form σ = σ eA0 ,
where σ0 is an irreducible cuspidal representation of GL f (kF ).
In practice, there is no need to distinguish between these two cases: the second
is essentially a degenerate case of the first, with θ = 1, E = F and Bβ = A.
We will be interested in the maximal simple types; these are simple types (J, λ)
constructed from [A, n, 0, β] such that Bβ is a maximal OE -order in Bβ , i.e. such
that eBβ/OE = 1. Thus, in this case, J/J 1  GLN/[E :F](kE ) and σ = σ0. The
main result of [2] is the following:
Theorem 3.3. Let (J, λ) be a maximal simple type in G.
(i) There exists a supercuspidal representation π of G with HomJ (π |J , λ) = 0,
and any irreducible representation π ′ of G with HomJ (π ′|J , λ) = 0 is of the
form π ′  π ⊗ (χ ◦ det), for some χ ∈ Xnr(F).
(ii) The G-intertwining of λ is equal to E× J . There exists a unique extension  of
λ to E× J such that π  c- IndGJ .
Conversely, any supercuspidal representation of G contains some maximal simple
type, and if (J, λ) and (J ′, λ′) are two maximal simple types in G then IG(λ, λ′) = ∅
if and only if there exists a g ∈ G such that λ′  gλ.
Given a maximal simple type (J, λ) with λ = κ ⊗ σ , then there is a convenient
way of recovering the representation σ . Given an irreducible representation ρ of
a group H containing J 1 = J 1(β,A), the space HomJ 1(κ, ρ) carries a natural
J -action given by j · f = ρ( j) ◦ f ◦ κ( j)−1, for j ∈ J and f ∈ HomJ 1(κ, ρ).
Since f is J 1-equivariant, this action is trivial on J 1 and so this defines a functor
Kκ : Rep(H) → Rep(J/J 1) given by HomJ 1(κ,−). This is an exact functor
which, in particular, maps admissible representations of G to finite-dimensional
representations of J/J 1. Given a simple type (J, λ = κ ⊗ σ), one has Kκ(λ) = σ .
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3.5. Simple types in G¯
We now describe the passage, via Clifford theory, from maximal simple types in
G to the corresponding objects in G¯. The results in this section are established in
[3,4].
Let π be an essentially tame supercuspidal representation of G, and let (J, λ)
be a maximal simple type contained in π . The representation π |G¯ is, by Clifford
theory, isomorphic to a direct sum of representations which are G-conjugate to some
essentially tame supercuspidal representation π¯ of G¯; moreover, this direct sum is
multiplicity-free by [12, 2.8]. Every essentially tame supercuspidal representation
of G¯ arises in this way.
Definition 3.4. An (essentially tame) maximal simple type in G¯ is a pair of the form
( J¯ , μ) where J¯ = J ∩ G¯ and μ is an irreducible subrepresentation of λ| J¯ for some
essentially tame maximal simple type (J, λ) in G.
Theorem 3.5. [4] Let π be an essentially tame supercuspidal representation of G,
and let π¯ be an irreducible subrepresentation of π |G¯ . Suppose that π contains the
maximal simple type (J, λ). Then there exists an irreducible subrepresentation μ
of λ| J¯ such that π¯ contains the maximal simple type ( J¯ , μ).
Conversely, given an essentially tame maximal simple type ( J¯ , μ) in G¯, the
representation c- IndG¯J¯ μ is irreducible, essentially tame and supercuspidal. If
( J¯ ′, μ′) is another maximal simple type in G¯ such that IG¯(μ,μ′) = ∅, then there
exists a g ∈ G¯ such that J¯ ′ = g J¯ and μ′  gμ.
3.6. Essentially tame supercuspidal representations of G
Definition 3.6. Let π be a supercuspidal representation of G, containing a maximal
simple type (J = J (β,A), λ) corresponding to the simple stratum [A, n, 0, β]. We
say that π is essentially tame if eA is coprime to p.
Note that this is well-defined, by the intertwining implies conjugacy property.
The main property of essentially tame supercuspidal representations which we will
require is that their conjugacy classes of simple characters are rather well-behaved:
Proposition 3.7. Let [A, n, 0, β] be a simple stratum and let θ ∈ C(A, 0, β). Sup-
pose that eA is coprime to p. Let [A′, n′, 0, β ′] be another simple stratum with
H1(β,A) = H1(β ′,A′), let θ ′ ∈ C(A′, 0, β ′), and suppose that there exists a
g ∈ G such that gθ = θ ′. Then C(A, 0, β) = C(A, 0, β ′) and θ = θ ′.
3.7. Types
We now interpret the constructions of the two preceding sections in a slightly more
general context.
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Definition 3.8. Let π be a supercuspidal representation of a p-adic group G. A
[G, π ]G-type is a pair (J, λ) consisting of a compact open subgroup J of G and
an irreducible representation λ of J such that, for any irreducible representation
π ′ of G, one has that HomJ (π ′|J , λ) = 0 if and only if there exists an unramified
character ω of G such that π ′  π ⊗ ω.
In the case that G = G, the only unramified characters of G are of the form
ω = χ ◦ det for χ ∈ Xnr(F). In the case that G = G¯, there are no non-trivial
unramified characters, and so the condition simply becomes π ′  π . From this, it
is simple to check that the maximal simple types discussed above are [G, π ]G-types
for the appropriate choices of G and π .
While we do not go into the details here, we note that this definition makes
sense due to more theoretical reasons: a [G, π ]G -type is a means of describing
the block containing π in the Bernstein decomposition of Rep(G) in terms of a
finite-dimensional representation of a compact group; see [5].
In this paper, we will completely classify [G¯, π¯ ]G¯-types when π¯ is an essentially
tame supercuspidal representation of G¯. The above notion of a type turns out to be
inconvenient for these purposes. Indeed, from a [G, π ]G-type (J, λ), there are two
simple ways of producing new types: forming the pair (g J, gλ) for some g ∈ G;
or forming the pair (K , τ ), where K ⊃ J is compact open and τ is an irreducible
subrepresentation of IndKJ λ. We therefore make the following modified definition:
Definition 3.9. A [G, π ]G-archetype is a G-conjugacy class of [G, π ]G -types (K , τ )
with K ⊂ G a maximal compact subgroup.
It is these archetypes which are amenable to a clean classification. We will often
abuse notation, and speak of an archetype (K , τ ) as being a conjuacy class of types,
together with the fixed choice of representative (K , τ ).
4. The main results
Our goal is to show that, given an essentially tame supercuspidal representation π¯
of G¯, any [G¯, π¯ ]G¯-type which is defined on a maximal compact subgroup of G¯
must be induced from a maximal simple type contained in π¯ . The key to this result
is the following:
Theorem 4.1. Let π be an essentially tame supercuspidal representation of G,
and let π¯ be an irreducible subrepresentation of π |K . Suppose that there exists
a [G¯, π¯ ]G¯ -type (K¯ , τ¯ ). Then there exists an irreducible subrepresentation τ of
IndKK¯ τ¯ such that (K , τ ) is a [G, π ]G-type.
This is the main technical result of the paper; we delay its proof until Sect. 5 in
order to first discuss its consequences.
Any essentially tame supercuspidal representation π¯ of G¯ is obtained as a
subrepresentation of π |G¯ for some π , and by [11] we know that any [G, π ]G-type
of the form (K , τ ) for some maximal compact subgroup K of G must be of the form
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τ  IndKJ λ for some maximal simple type (J, λ) in G. By Frobenius reciprocity,
we therefore realize τ¯ as a subrepresentation of
ResKK¯ Ind
K
J λ =
⊕
J\K/K¯
IndK¯g J¯ Res
g J
g J¯
gλ.
Any subrepresentation of this representation is of the form IndK¯J¯ μ for some max-
imal simple type ( J¯ , μ) in G¯. We therefore conclude that:
Corollary 4.2. Let π¯ be an essentially tame supercuspidal representation of G¯, and
let (K¯ , τ¯ ) be a [G¯, π¯ ]G¯ -archetype. Then there exists a maximal simple type ( J¯ , μ)
with J¯ ⊂ K¯ such that τ¯  IndK¯J¯ μ.
This brings us to our main theorem:
Theorem 4.3. [The unicity of types for essentially tame supercuspidal represen-
tations of SLN (F)] Let π¯ be an essentially tame supercuspidal representation of
G¯.
(i) If (K¯ , τ¯ ) is a [G¯, π¯ ]G¯ -archetype, then there exists a maximal simple type
( J¯ , μ) with J¯ ⊂ K¯ such that τ¯  IndK¯J¯ μ. Moreover, τ¯ is contained in π¯
with multiplicity one.
(ii) If K¯ is a maximal compact subgroup of G¯ then there exists at most one
[G¯, π¯ ]G¯ -archetype of the form (K¯ , τ¯ ).
(iii) Any two [G¯, π¯ ]G¯ -archetypes are conjugate (up to isomorphism) by an element
of G.
(iv) The number of [G¯, π¯ ]G¯ -archetypes is precisely eπ¯ .
Proof. We have already established the first claim in (i). To see that τ¯ is contained
in π¯ with multiplicty one, note that by Frobenius reciprocity the multiplicity with
which τ¯ appears in π¯ |K¯ is equal to the multiplicity with which μ appears. By
Frobenius reciprocity, we have
Hom J¯ (μ, π¯ | J¯ ) = HomG¯(IndG¯J¯ μ¯, π¯) = HomG¯(π¯, π¯),
which is one-dimensional by Schur’s lemma.
To see (ii), suppose that τ¯ and τ¯ ′ are two [G¯, π¯ ]G¯-archetypes defined on K¯ .
Then there exist maximal simple [G¯, π¯ ]G¯-types ( J¯ , μ) and ( J¯ ′, μ′) which induce
to give τ¯ and τ¯ ′, respectively. Since these maximal simple types are both contained
in π¯ , they intertwine and hence are conjugate. So the induced representations τ¯
and τ¯ ′ are conjugate by an element of the normalizer of K¯ , which is simply K¯ ; it
follows that τ¯  τ¯ ′.
Similarly, if (K¯ ′, τ¯ ′) is another [G¯, π¯ ]G¯-archetype, then there exist maximal
simple types ( J¯ , μ) and ( J¯ ′, μ′) which induce to give τ¯ and τ¯ ′. As before, these
two types are conjugate and so, without loss of generality we may redefine K¯ ′ so
that μ = μ′. We fix a standard set of representatives of G¯-conjugacy classes of
maximal compact subgroups of G¯ which contain J¯ . We already have one such group
in K¯ . The maximal simple type ( J¯ , μ) comes from a simple stratum [A, n, 0, β]
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with K¯ ⊃ U¯A; let 
E be a uniformizer of E = F[β]. Then J¯ is contained
in each of the groups 

j
E K¯ , for 0 ≤ j ≤ eA − 1. We claim that there do not
exist any other G¯-conjugacy classes of maximal compact subgroups of G¯ which
contain J¯ .
Let ν denote the matrix with νi,i+1 = 1 for 1 ≤ i ≤ N − 1, νN ,1 = 
F and
νi, j = 0 otherwise; then ν is a uniformizer of a degree N totally ramified extension
of F . The N compact open subgroups ν j K¯ , 0 ≤ j ≤ N − 1 form a system of
representatives of the N conjugacy classes of maximal compact subgroups of G¯.
There exists a choice 
E of uniformizer of E such that 

j
E K¯ ⊂ νN j/eA K¯ for each
0 ≤ j ≤ eA − 1. The group J¯/ J¯ 1  SLN/[E :F](kE ) contains the kernel of
the norm map NkL/kE on some degree N/[E : F] extension kL/kE . This kernel
is a cyclic group of order q
N/eA−1
q−1 . Suppose that J¯ were contained in
νk K¯ for
some value of k other than the eA values constructed above. Then one would have
J¯ ⊂
(⋂eA−1
i=1 ν
j N/eA K¯
)
∩ νk K¯ . This group is equal to U¯C for some hereditary
O-order C of lattice period eA + 1 (note that no issue arises if eA = N ; we have
already constructed all possible archetypes).
By Zsigmondy’s theorem, unless N/eA = 2 and q = 2i − 1 or N/eA = 6
and q = 2, there exists a prime r dividing q N/eA − 1 but not dividing qs − 1 for
any 1 ≤ s ≤ N/eA. If N/eA = 6 and q = 2, let r = 63, and if N/eA = 2 and
q = 2i −1, let r = 4. While in the latter two cases r is composite, it will be coprime
to qs − 1 for every q ≤ s ≤ N/eA, which suffices for our purposes. Thus, via the
embedding ker NkL/kF ↪→ J¯/ J¯ 1, one obtains in each case an order r element of
J¯ J¯ 1, which lifts to give an order r element of J¯ . The inclusion
J¯/ J¯ 1 ↪→ J/J 1  GLN/[E :F](kE ) ↪→ GLN/eA(kF ) ↪→
eA∏
i=1
GLN/eA(kF ),
where the latter map is the diagonal embedding, maps J¯/ J¯ 1 to a block-diagonal
group, the blocks of which are pairwise Galois conjugate. So each of the blocks of
GLN/eA(kF ) contains an order r element. However, as one also has J¯ ⊂ U¯C, one
again obtains an order r element of UC/U 1C 
∏eA+1
i=1 GLNi (kF ), for some partition
N = N1 +· · ·+ NeA+1 of N . Among these Ni , there will be eA−1 which are equal
to N/eA, and the remaining two are distinct from N/eA. Hence in the image of
ker NkE/kF ↪→ UC/U 1C, one obtains an order r element in a block, which is actually
contained in the standard parabolic subgroup of GLN/eA(kF ) corresponding to the
Levi subgroup GLNl (kF ) × GLNk (kF ), for some l + k = N/eA. But the order of
this group is
(∏Nl−1
i=0 qi (q Nl−i − 1)
)
·
(∏Nk−1
j=0 qi (q Nk−1 − 1)
)
. So r must divide
one of these factors. Clearly r cannot divide qt for any t ; otherwise r could not
divide q N/eA −1. Also, as Nl − i, Nk − i < N/eA for all relevant i , our choice of r
guarantees that r may not divide |GLNl (kF ) × GLNk (kF )|. This gives the desired
contradiction, and so we conclude that J¯ only admits a containment into the eA
conjugacy classes of maximal compact subgroups of G¯ which were constructed
above. This proves (iv).
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Finally, to see (iii), note that we have already shown that given any two [G¯, π¯ ]G¯-
archetypes of the form (K¯ , τ¯ ) and (

j
E K¯ , τ¯ ′) (we have seen that it is no loss of
generality to take our archetypes to be of this form), there exists a maximal simple
type ( J¯ , μ) arising from the simple srtatum [A, n, 0, β] with J¯ ⊂ K¯ ∩ 
 jE K¯ such
that τ¯  IndK¯J¯ μ and τ¯ ′  Ind


j
E K¯
J¯ μ. Since 

j
E normalizes μ for any j , it follows
that τ¯ ′  
 jE τ¯ . unionsq
5. Proof of Theorem 4.1
It remains for us to prove Theorem 4.1. Let us begin by fixing some notation, on
top of that retained from the statement of the theorem. Let [A, n, 0, β] be a simple
stratum, and let θ ∈ C(A, 0, β) be such that π contains θ . Let κ be a fixed β-
extension of κ , and suppose that π contains the maximal simple type λ = κ ⊗ σ
defined on J = J 0(β,A). As usual, denote by E the field extension F[β]/F , by
B the algebra EndE (V ), and by B the hereditary OE -order A∩ B. Without loss of
generality, we may assume that J ⊂ UA ⊂ K .
5.1. First approximation
We begin by taking the naïve approach, and attacking the problem via Clifford the-
ory. This allows us to show that the representation IndKK¯ τ¯ contains only irreducible
subrepresentations which are, in some sense, rather close to being types.
We fix, once and for all, an irreducible subrepresentation  of IndKK¯ τ¯ such that
 is contained in π . Note that such a  clearly exists: by Frobenius reciprocity we
have
HomK (IndKK¯ τ¯ , Res
G
K π) = HomK¯ (τ¯ , ResG¯K¯ ResGG¯ π) = 0,
and so some irreducible subrepresentation of IndKK¯ τ¯ is contained in π .
Lemma 5.1. Suppose that π ′ is an irreducible representation of G which contains
. Then there exists a χ ∈ XN (F) such that π ′  π ⊗ (χ ◦ det).
Proof. We have HomK (π ′|K , ) = 0, and so
0 = HomK
(
IndKK¯ τ¯ , Res
G
K π
′) = HomK¯
(
τ¯ , ResG¯K¯ Res
G
G¯ π
′) .
Hence π ′ must contain π¯ upon restriction to G¯ and so, in particular, π ′ must be a
supercuspidal representation of the form π ′  π ⊗ (χ ◦ det) for some character
χ of F×. Comparing central characters, we see that ωπ ′ |O× = ωπ |O× . We have
ωπ ′ = ωπ ⊗ (χ ◦ det), and so χ ◦ det is trivial on O×, which is to say that χ N is
unramified. unionsq
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5.2. Decompositions of π |K
Let  be an extension of λ to E× J such that c- IndGE× J   π . It will occasionally
be convenient for us to work with slight modifications of λ and . Let ρ = IndUAJ λ,
and ρ˜ = c- IndKAE× J . It follows from the fact that IG(λ) = IG() = E× J that
bothρ and ρ˜ are irreducible, that ρ˜ is an extension ofρ, and thatπ  c- IndGKA ρ˜. We
therefore obtain two decompositions of the representation π |K : from the realization
π  c- IndGE× J  we obtain the decomposition
π |K = ResGK c- IndGE× J  =
⊕
E× J\G/K
IndKg J∩K Res
g J
g J∩K
gλ; (5.2.1)
while from the realization π  c- IndGKA ρ˜ we obtain the decomposition
π |K = ResGK c- IndGKA ρ˜ =
⊕
KA\G/K
IndKgUA∩K Res
gUA
gUA∩K
gρ. (5.2.2)
It is decomposition (5.2.1) in which we will be most interested. However, the
double coset space E× J\G/K is far too complicated for us to work with directly.
We therefore approach the problem via decomposition (5.2.2). Following Paskunas
[11, Lemma 5.3], we fix a system of coset representatives. Namely, any cosetKAg′K
in KA\G/K admits a diagonal representative g = (
 a1 , . . . ,
 aN ) such that, for
all 0 ≤ i ≤ eA, one has ai(N/eA)+1 ≥ · · · ≥ a(i+1)N/eA ≥ 0, and one of the
following holds:
(i) a j (N/eA)+1 = a( j+1)N/eA , for some 0 ≤ j < eA; or
(ii) (a) ai(N/eA)+1 = a(i+1)N/eA for all 0 ≤ i < e;
(b) a1 ≥ 2; and
(c) there exists 1 ≤ j ≤ N such that ak > 0 if k < j , and ak = 0 if k ≥ j ,
for all 1 ≤ k ≤ N .
For the remainder of the proof, we will always take our coset representative g to
be of the above form.
Definition 5.2. Let g ∈ G be a coset representative of the above form, which is
such that KAgK = KAK .
(i) We say that g is of type A if the map UA ∩ g−1 K → UA/U 1A is not surjective.
(ii) We say that g is of type B if the map UA ∩ g−1 K → UA/U 1A is surjective.
Remark 5.3. If eA = 1 then all coset represetatives of this form must be of type A,
and if eA = N then all coset representatives of this form must be of type B.
Given an irreducible subrepresentation ξ of π |K , there exists some coset rep-
resentative g as above such that ξ ↪→ IndKgUA∩K Res
gUA
gUA∩K
gρ. We say that ξ is a
representation of type A (respectively, type B) if g is a coset representative of type
A (respectively, type B).
In the case that KAgK = KAK , the representation IndKg J∩K Res
g J
g J∩K gλ is
equal to IndKJ λ, which is the unique [G, π ]G-archetype. We are thus reduced to
three possibilities:
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• the representation  is isomorphic to IndKJ λ; or• the representation  is of type A; or
• the representation  is of type B.
In each of the latter two cases, we will argue to obtain a contradiction. It follows
that  is a [G, π ]G-type; whence the desired result.
5.3. Case 1:  is of type A
In the case that  is of type A, we may exploit the failure of the map UA ∩ g−1 K →
UA/U 1A to be surjective in order to turn the problem into one regarding the finite
group J/J 1. Denote by H the image in J/J 1 of J ∩ g−1 K . The crucial result is the
following observation of Pašku¯nas:
Lemma 5.4. [11, Proposition 6.8] For every irreducible representation ξ of
σ |H there exists an irreducible representation σ ′  σ of J/J 1 such that
HomH (σ ′|H , ξ) = 0.
The use of this is as follows. If  is contained in IndKg J∩K Res
g J
g J∩K g(κ ⊗
σ), then there exists an irreducible subrepresentation ξ of σ |H such that  is
contained in IndKg J∩K Res
g J
g J∩K g(κ ⊗ ξ). This latter representation is contained in
IndKg J∩K Res
g J
g J∩K g(κ ⊗ σ ′), and hence so is . There are two cases to consider.
We first examine the case that σ ′ may be taken to be non-cuspidal.
Lemma 5.5. Suppose that there exists a non-cuspidal irreducible representation σ ′
of J/J 1 such that  is an irreducible subrepresentation of IndKg J∩K Res
g J
g J∩K g(κ⊗
σ ′). Then there exists a non-cuspidal irreducible representation π ′ of G which
contains .
Proof. Let  be any non-cuspidal irreducible representation of J/J 1. Restricting
to H1, the representation κ ⊗  is isomorphic to a sum of copies of θ , and so
any irreducible representation π ′ of G containing κ ⊗  must contain the simple
character θ . If such a representation π ′ were supercuspidal, then it would contain
some maximal simple type (J, λ′), with λ′ containing θ . Since a supercuspidal
representation may only contain a single conjugacy class of simple characters, it
must be the case that λ′ = κ ⊗ σ ′′ for some cuspidal representation σ ′′ of J/J 1.
Performing a Mackey decomposition, we obtain
π ′|J =
⊕
J\G/J
IndJh J∩J Res
h J
h J∩J
hλ′.
Let h be a coset representative such that κ ⊗  ↪→ IndJh J∩J Res
h J
h J∩J
hλ′. By
Frobenius reciprocity, it follows that h intertwines κ ⊗  and κ ⊗ σ ′′. By [2,
Proposition 5.3.2], this intertwining set is contained in J · IB×(|UB , σ ′′|UB) · J ;
but by [11, Proposition 6.15] the intertwining set IB×(|UB , σ ′′|UB) is empty,
giving a contradiction. So we conclude that any irreducible representation π ′ of
On the unicity of types in special linear groups
G containing a representation of J of the form κ ⊗  with  a non-cuspidal
representation of J/J 1 must itself be non-cuspidal.
We now return to the situation at hand, where σ ′ is a non-cuspidal irre-
ducible representation of J/J 1 such that  is an irreducible subrepresentation
of IndKg J∩K Res
g J
g J∩K g(κ ⊗ σ ′) ↪→ ResGK c- IndGJ (κ ⊗ σ ′). Since  is irreducible,
it is generated by a single vector w, say. Consider the subrepresentation W of
c- IndGJ (κ ⊗σ ′) generated by w. This representation W admits an irreducible quo-
tient π ′ which contains . Hence it suffices for us to show that such an irreducible
quotient of W contains a representation of the form κ ⊗ , with  a non-cuspidal
irreducible representation of J/J 1. As W ↪→ c- IndGJ (κ ⊗ σ ′), we have
W |J ↪→ ResGJ c- IndGJ (κ ⊗ σ ′) =
⊕
J\G/J
IndJh J∩J Res
h J
h J∩J
h(κ ⊗ σ ′).
Since W contains θ upon restriction to H1, it follows that W ∈ RepSθ (G), as W is
generated by a single vector. So any irreducible quotient of W contains κ ⊗ σ ′′ for
some irreducible representation σ ′′ of J/J 1, and it remains to show that σ ′′ may
not be cuspidal. If σ ′′ were cuspidal then we would obtain an inclusion κ ⊗ σ ′′ ↪→
IndJh J∩J Res
h J
h J∩J
h(κ⊗σ ′) for some h ∈ G, which is to say that IG(κ⊗σ ′, κ⊗σ ′′).
Applying [11, Proposition 6.16], we see that this intertwining set may only be non-
empty if σ ′′ is non-cuspidal. unionsq
But we know by Lemma 5.1 that  may only be contained in supercuspidal
representations of G, leading us to a contradiction if σ ′ may be taken to be non-
cuspidal. So it remains to consider the case that any such representation σ ′ must be
cuspidal.
Lemma 5.6. Suppose that the representation  is of type A, corresponding to the
coset representative g. Then one of the following two statements is true:
(i) There exists a non-cuspidal irreducible representation π ′ of G which contains
; or
(ii) The only irreducible representations σ ′ of J/J 1 such that  is contained in
IndKg J∩K Res
g J
g J∩K g(κ ⊗ σ) are of the form σ ′  σ ⊗ (χ ◦ det), for some
χ ∈ XN (F) which is trivial on det J 1.
Proof. Let σ ′ be an irreducible representation of J/J 1 such that  is contained in
IndKg J∩K Res
g J
g J∩K g(κ ⊗σ). If σ ′ may be taken to be non-cuspidal then (i) follows
from Lemma 5.5. So suppose that σ ′ is cuspidal. Then λ′ = κ ⊗ σ ′ is a maximal
simple type. Since  is a subrepresentation of
IndKg J∩K Res
g J
g J∩K
gλ′ ↪→ ResGK c- IndGJ λ′,
it follows that  is contained in some irreducible (necessarily supercuspidal) sub-
quotient π ′ of c- IndGJ λ′, and so π ′  π ⊗ (χ ◦ det) for some χ ∈ XN (F). The
representation π contains the simple characters θ and θ(χ ◦ det); hence θ is conju-
gate to θ(χ ◦ det) and, since eA is coprime to p, this implies that θ = θ(χ ◦ det),
hence χ is trivial on det H1 = det J 1.
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Since π ′ contains a unique archetype, the two representations IndKJ λ′ and
IndKJ λ ⊗ (χ ◦ det) must be isomorphic, and so IK (λ′, λ ⊗ (χ ◦ det)) = ∅. On the
other hand, since both σ ′ and σ ⊗(χ ◦det) are trivial on J 1, both λ′ and λ⊗(χ ◦det)
become isomorphic to a sum of copies of κ upon restriction to J 1, and so by [2,
Proposition 5.3.2] we see that
IK (λ′, λ ⊗ (χ ◦ det)) ⊂ K ∩ J · IB×(λ′|UB , λ ⊗ (χ ◦ det)|UB) ·
J ⊂ K ∩ J · B× · J = J.
So λ′ and λ ⊗ (χ ◦ det) are intertwined by an element of J , from which we see
that λ′  λ ⊗ (χ ◦ det). Applying the functor HomJ 1(κ,−), we conclude that
σ ′  σ ⊗ (χ ◦ det), which proves (ii). unionsq
This will enable us to perform a simple counting argument in order to show
that  may not be of type A. Before completing this argument, we first consider
the type B case.
5.4. Case 2:  is of type B
In the case that  is of type B we require a different approach, for which we must
differentiate between two cases.
Suppose first that k0(β,A) = −1. Then H1(β,A) = U 1Bβ H2(β,A) and so we
may view a non-trivial character μ of (1 + pE )/(1 + p2E ) as a character of H1/H2
via the composition
H1/H2 ∼ U 1B/U
2
B
detB
(1 + pE )/(1 + p2E )
μ
C
×.
On the other hand, if k0(β,A) = −1 then the above approach no longer
works. Instead, let [A, n, 1, γ ] be a simple stratum equivalent to the pure stratum
[A, n, 1, β]. Then θψ−1β−γ is a simple character in C(A, 0, γ ).
To combine these two cases, we let μ be as above if k0(β,A) = −1, and let
μ = φ−1β−γ otherwise. As noted by Pašku¯nas during the proofs of [11, Propositions
7.3,7.16], in each of these two cases we have θμ = θ on H1 ∩ g−1 K . Moreover, in
each case μ is trivial on H2.
Lemma 5.7. The representation  cannot be of type B.
Proof. Since  is an irreducible subrepresentation of IndKg H1∩K gθ |g H1∩K
and θμ = θ on H1 ∩ g−1 K , we see that  is also a subrepresentation of
IndKg H1∩K
g(θμ)|g H1∩K ; this latter representation is in turn a subrepresentation
of ResGK c- Ind
G
H1 θμ. Since any irreducible subquotient of c- Ind
G
K  is supercus-
pidal representation of the form π ⊗ (χ ◦ det) for some χ ∈ XN (F) by Lemma
5.1, there exists a supercuspidal representation of this form which contains θμ. As
a supercuspidal representation contains a unique conjugacy class of simple char-
acters, we see that θ(χ ◦ det) is conjugate to θμ.
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If χ is trivial on det H1 then θ is conjugate to θμ, which is shown to be impossi-
ble during the proofs of [11, Propositions 7.3, 7.16]. So χ is non-trivial on det H1.
Since g is a type B coset representative, we must have eA > 1; hence χ is also
non-trivial on det H2. But since μ is trivial on H2 we see that θ |H2 is conjugate to
θ(χ ◦ det)|H2 . As eA is coprime to p these two characters must actually be equal,
implying that χ is trivial on det H2; this is a contradiction. unionsq
5.5. Conclusion
We have seen that  may not be of type B. So suppose for contradiction that  is
of type A. By Lemma 5.6, there are two possibilities. If  is contained in a non-
cuspidal irreducible representation of G, we immediately obtain a contradiction to
Lemma 5.1. So suppose that the only irreducible representations σ ′ of J/J 1 for
which  is contained in IndKg J∩K Res
g J
g J∩K g(κ ⊗ σ ′) are cuspidal representations
of the form σ ′  σ ⊗ (χ ◦ det) for some χ ∈ XN (F) which is trivial on det J 1.
There are at most gcd(N , qF − 1) such characters χ .
We first take care of the simple case where the extension E/F is totally rami-
fied. Then, by [11, Corollary 6.6], the image H in J/J 1 of J ∩ g−1 K is contained
in some proper parabolic P subgroup of J/J 1. Let Pop denote the parabolic sub-
group opposite to P , and let U be its unipotent radical. Then the restriction to U of
IndJ/J
1
H σ |H surjects onto IndUH∩U ResJ/J
1
H∩U σ ; this latter representation is isomor-
phic to a sum of copies of the regular representation of J/J 1 since H intersects
trivially with U . Hence there must exist a non-cuspidal representation of J/J 1
which identifies with σ upon restriction to H ; this is a contradiction.
So we may assume that E/F is not totally ramified. Since any irreducible
representation of J/J 1 which becomes isomorphic to σ upon restriction to H
must be isomorphic to σ ⊗ (χ ◦ det) for some χ ∈ XN (F) with χ trivial on
det J 1, such a irreducible representation σ ′ also agrees with σ upon restriction to
H = H ·SLN/[E :F](kE ) ⊂ J/J 1. Write = σ |H . Then IndJ/J
1
H must split as a
sum of representations of the form σ ⊗ (χ ◦ det), for χ ∈ XN (F) trivial on det J 1.
Our claim is that there are at least qF distinct irreducible subrepresentations of
IndJ/J
1
H ; this would contradict the fact that there are at most gcd(N , qF −1) < qF
such χ , showing that  may not be of type A.
Equivalently, we may show that there are at least qF distinct irreducible char-
acters in IndJ/J
1
H 1. Since H contains the derived subgroup of J/J
1
, the repre-
sentation IndJ/J
1
H 1 splits as a multiplicity-free direct sum of [J/J 1 : H ] distinct
characters of J/J 1. So it suffices for us to show that the index of H in J/J 1 is at
least qF .
As E/F is not totally ramified, kE/kF is a non-trivial extension. Consider
the collection of proper subextensions k of kE/kF which that H contains only k-
rational points of J/J 1. This collection is seen to be non-empty by combining[11,
Lemma 6.5] and [11, Corollary 6.6], and contains an extension of maximal degree,
which we from now on denote by k. Thus, if f = f (E/F) is the residue class
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degree of E/F then k  FqdF , for some proper divisor d < f − 1 of f , and so we
may certainly take as a lower bound for [J/J 1 : H ] the number
|GLN/[E :F](kE )|
|GLN/[E :F](k) · SLN/[E :F](kE )| =
|GLN/[E :F](kE )|
|SLN/[E :F](kE )| ·
(GLN/[E :F](k)
SLN/[E :F](k)
)−1
= q
f
F − 1
q f −1F − 1
.
This is no less than qF .
So the representation  may not be of type A. We conclude that   IndKJ λ,
completing the proof of Theorem 4.1.
6. The inertial correspondence
6.1. The local Langlands correspondence
We now give a Galois theoretic interpretation of our unicity results, via the local
Langlands correspondence. This allows us to completely describe the fibres of an
inertial form of the local Langlands correspondence for G¯.
Let F¯/F be a separable algebraic closure of F with absolute Galois group
Gal(F¯/F), and let WF ⊂ Gal(F¯/F) be the Weil group: this is the pre-image
of Z under the canonical map Gal(F¯/F) → Gal(k¯/k)  Zˆ. Let IF =
ker(Gal(F¯/F) → Gal(k¯/k) be the inertia group; this is the maximal compact
subgroup of WF . Fix a choice  of geometric Frobenius element in WF , i.e. an
element which maps to −1 ∈ Zˆ under the above projection.
Given a p-adic group G, denote by Gˆ its Langlands dual group. In particular, if
G = GLN (F) then Gˆ = GLN (C), and if G = SLN (F) then Gˆ = PGLN (C).
The local Langlands correspondence for G gives a unique natural bijective cor-
respondence recG : Irrsc(G) → Lsc(G) between the set Irrsc(G) of isomorphism
classes of supercuspidal representations of G and the set Lsc(G) of isomorphism
classes of irreducible representations WF → GLN (C) such that the image of 
is semisimple [8]. (Of course, the local Langlands correspondence for G is more
general than this; however, we will only be interested in such representations).
From this, following [7,10], it is possible to deduce the local Langlands corre-
spondence for G¯. Denote by Irrsc(G¯) the set of isomorphism classes of irreducible
subrepresentations π¯ of π |G¯ , for π ∈ Irrsc(G), and denote by Lsc(G¯) the set of
projective representations WF → PGLN (C) which lift to an element of Lsc(G).
Let R : Irrsc(G) → Irrsc(G¯) be a map which associates to each π an irreducible
subrepresentation of π |G¯ . Then there exists a unique surjective, finite-to-one map
recG¯ : Irrsc(G¯) → Lsc(G¯) such that the following diagram commutes for all such
choices of R:
Irrsc(G)
recG
R
Lsc(G)
Irrsc(G¯) recG¯ Lsc(G¯)
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Here, the map Lsc(G) → Lsc(G¯) is given by composition with the natural projec-
tion GLN (C) → PGLN (C).
This map recG¯ is the local Langlands correspondence for (the supercuspidal
representations of) G¯. Its finite fibres are the L-packets in Irrsc(G).
6.2. Types and L-packets
For G = G or G¯, denote by Irret(G) the subset of Irrsc(G) consisting of essentially
tame supercuspidal representations, and denote by Let(G) its image under recG .
Let Aet(G) denote the set of [G, π ]G-archetypes, for π ∈ Irret(G). We have already
completely understood the relationship between Aet(G) and Aet(G¯); we now rein-
terpret this understanding in terms of the local Langlands correspondences for G
and G¯. The first step is to establish a form of converse to Theorem 4.1.
Proposition 6.1. Let π be an essentially tame supercuspidal representation of G,
and let (K , τ ) be the unique [G, π ]G-archetype. Let π¯ be an irreducible subrep-
resentation of π |G¯ . Then there exists a g ∈ G and an irreducible component τ¯ of
gτ |g K¯ such that (g K¯ , τ¯ ) is a [G¯, π¯ ]G¯ -archetype.
Proof. Without loss of generality, assume that π¯  c- IndG¯K¯ μ˜, where μ˜ =
c- IndK¯J¯ μ for some maximal simple type ( J¯ , μ) (if not, replace π¯ with a G-
conjugate for which we may do so; clearly the desired result is true for π¯ if and
only if it is true for every G-conjugate of π¯). Let τ |K¯ =
⊕
j τ¯ j . We first show that
any π ′ ∈ Irr(G¯) containing some τ¯ j must appear in the restriction to G¯ of π . We
have a non-zero map in
⊕
j
HomK¯ (τ¯ j , π
′|K¯ ) = HomK¯ (τ |K¯ , π ′|K¯ ) = HomG¯(c- IndG¯K¯ ResKK¯ τ, π ′),
and so π ′ is a subquotient of ResGG¯ c- Ind
G
K τ . Every irreducible subquotient of
c- IndGK τ is a twist of π , and hence coincides with π upon restriction to G¯, and so
any irreducible representation π ′ must be of the required form. Hence the possible
representationsπ ′ all lie in a single G-conjugacy class of irreducible representations
of G¯. Let g ∈ G be such that gπ ′  π¯ , hence π ′  c- IndG¯g K¯ gμ˜, and choose j so
that π ′ contains τ¯ j . We claim that (g K¯ , g τ¯ j ) is the required type.
It suffices to show that any G-conjugate of π¯ containing (g K¯ , g τ¯ j ) is isomor-
phic to π¯ . Suppose that, for some h ∈ G we have Homg K¯ (gπ¯ , g τ¯ j ) = 0. The
representation hπ¯ is of the form hπ¯  c- IndG¯h J¯ hμ, and so g τ¯ j is induced from
some maximal simple type ( J¯ ′, μ′), say. So we have
0 = Homg K¯ (ResG¯g K¯ π¯ , g τ¯ j )
= Hom J¯ ′(ResG¯J¯ ′ c- IndG¯h J¯ hμ,μ′)
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=
⊕
h J¯\G¯/ J¯ ′
Hom J¯ ′(c- Ind
J¯ ′
xh J¯∩ J¯ ′ Res
xh J¯
xh J¯∩ J¯ ′
xhμ,μ′)
=
⊕
h J¯\G¯/ J¯ ′
Homxh J¯∩ J¯ ′(Res
xh J¯
xh J¯∩ J¯ ′
xhμ, Res J¯
′
xh J¯∩ J¯ ′ μ
′).
So hμ and μ′ intertwine in G¯, and are therefore G¯-conjugate. Hence π ′ is in fact
G¯-conjugate to π¯ , i.e. π¯  π ′ and the result follows. unionsq
Theorem 6.2. Let π be an essentially tame supercuspidal representation of G, and
let (K , τ ) be the unique [G, π ]G-archetype. Let  be the L-packet of irreducible
subrepresentations of π |G¯ . Then the set of [G¯, π¯ ]G¯ -archetypes for π¯ ∈  is equal
to the set of archetypes of the form (g K¯ , g τ¯ ) for g ∈ G.
Proof. We show that the union of the sets of [G¯, π¯ ]G¯-types of the form (K¯ , τ¯ ), as
π¯ ranges over , is equal to the set of irreducible subrepresentations of τ |K¯ ; the
general result then follows easily. Let (K¯ , τ¯ ) be such an archetype. By Theorem
4.3, τ¯ is of the required form. Conversely, the irreducible subrepresentations of τ |K
are pairwise K -conjugate by Clifford theory, and so if one of them is a type for
some element of  then they all must be. By Proposition 6.1, at least one of them
must be a type for some π¯ ∈ . unionsq
6.3. The inertial correspondence
For G = G or G¯, let Iet(G) denote the set of representations IF → Gˆ which are of
the form ϕ|IF for some ϕ ∈ Let(G); we call such representations essentially tame
inertial types. We begin by recalling the inertial Langlands correspondence for G:
Theorem 6.3. (The inertial local Langlands correspondence for GLN (F) [11,
Corollary 8.2]) There exists a unique bijective map inerG : Aet(G) → Iet(G)
such that, if R is the map which assigns to a supercuspidal representation π of
G the unique [G, π ]G-archetype representation of K , then the following diagram
commutes:
Irret(G)
recG
R
Let(G)
ResWFIF
Aet(G) inerG Iet(G)
Note that while the statement of [11, Corollary 8.2] is not stated in this language,
it is trivial to show that the two statements are equivalent. It is the above form of
the statement which admits a reasonable generalization to G¯.
As a notational convenience, we transfer some notation to the setting of L-
parameters and inertial types. Given ϕ ∈ Iet(G¯), let ϕ˜ ∈ Let(G) be a lift of some
extension of ϕ to WF . Write ϕ = length(rec−1G (ϕ˜)|G¯), and eϕ for the lattice period
of the hereditary orderA such that rec−1(ϕ˜ contains a simple character inA(A, 0, β)
for some β.
We come to our main result:
On the unicity of types in special linear groups
Theorem 6.4. [The essentially tame inertial Langlands correspondence for SLN (F)]
There exists a unique surjective map inerG¯ : Aet(G¯)  Iet(G¯) with finite fibres
such that, for any map T assigning to a supercuspidal representation π¯ of G¯ one
of the [G¯, π¯ ]G¯ -archetypes, the following diagram commutes:
Irret(G¯)
recG¯
T
Let(G¯)
ResWFIF
Aet(G¯) inerG¯ Iet(G¯)
Each of the fibres of inerG¯ consists of the full orbit under G-conjugacy of an
archetype, with the fibre above an inertial type ϕ being of cardinality eϕϕ .
Moreover, for any map R assigning to each [G, π ]G-archetype a [G¯, π¯ ]G¯ -
archetype, for π¯ an irreducible subquotient of π |G¯ , there is a commutative diagram
Aet(G) inerG
R
Iet(G)
Aet(G¯) inerG¯ Iet(G¯)
where the map Iet(G) → Iet(G¯) is given by composition with the projection
GLN (C) → PGLN (C).
Proof. Let S be any map which assigns to each archetype (K¯ , τ¯ ) in Aet(G¯) the
irreducible subrepresentation π¯ = c- IndG¯K¯ τ¯ . Let inerG¯ denote the composition
ResWFIF ◦recG¯ ◦ S. Let ϕ ∈ Iet(G¯), and let ϕ˜ be an extension of ϕ to WF . Let
 = rec−1(ϕ˜). Then  = {π¯i } is an L-packet of supercuspidal representations of
G¯ consisting of the set of irreducible subrepresentations of some supercuspidal rep-
resentation π of G. By Theorem 6.2, the finite set {(Ki , τ¯i } of [G¯, π¯i ]G¯-archetypes,
as π¯i ranges through  is precisely the set of archetypes given by the irreducible
subrepresentations of (g K¯ , gτ |g K¯ ), for g ∈ G. As each π¯i is an archetype, it fol-
lows that for all irreducible representations π¯ of G¯, we have that π¯ contains some
τ¯i upon restriction to Ki if and only if π¯ ∈ , if and only if rec(π¯)|IF  ϕ. So
the map inerG¯ is well-defined, and is the unique map map making the first diagram
commute.
We now consider the fibres of inerG¯ . Let ϕ ∈ Iet(G¯). Each of the archetypes
in iner−1(ϕ) is represented by a representation of the form τ¯ = IndK¯J¯ μ, for some
maximal simple type ( J¯ , μ) contained in an essentially tame supercuspidal repre-
sentation, and some maximal compact subgroup K¯ of G¯ which contains J¯ . More-
over, any G-conjugate of (K¯ , τ¯ ) is also contained in the fibre above ϕ. Conversely,
we have seen that any two archetypes in the same fibre of inerG¯ are G-conjugate.
So it remains only to calculate the cardinality of iner−1G¯ (ϕ). Let ϕ˜ ∈ Let(G¯) be
an extension of ϕ˜, and let π¯ be contained in the L-packet rec−1G¯ (ϕ˜). The cardinality
P. Latham
of this L-packet is length(π |G¯), where π is any representation of G such that
π¯ ↪→ π |G¯ , i.e. #rec−1G¯ (ϕ˜) = ϕ . So the fibre iner−1G¯ (ϕ) is equal to the disjoint
union of the sets of archetypes contained in each of the ϕ elements of rec−1(ϕ˜).
Since any two elements of this L-packets are G-conjugate, any two elements admit
the same number of archetypes, which is eϕ by Theorem 4.3. So we conclude that
#iner−1G¯ (ϕ) = eϕϕ .
The commutativity of the second diagram is simply a translation of Theorem
6.2 into the language of the inertial correspondence. unionsq
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